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Abstract

In this thesis I develop the concept of Silver machines. By means of
a special machine — the Koepke-Richardson-Silver-machine — the
Strong Covering Lemma is proved without fine structure theory.
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0 Preliminaries

Introduction

Silver machines are a different view on the constructible universe introduced
by Kurt Godel in 1938. This concept of machines was first developed by Jack
Silver, who used the word machine due to the motivation which led him
to develop them. One might as well call it “Silver hierarchy”, since Silver
machines describe when sets are created — similar to the Jensen hierarchy.
An approach based on similar ideas is due to Friedman and Koepke [4]. This
thesis relies very much on the PhD thesis of Thomas Lloyd Richardson [5],

a student of Silver, as well as several talks of my advisor, Peter Koepke.

The constructible universe L of set theory is defined as the class of sets
definable in a transfinite process as follows: We start with an empty Lo,
for L, already defined let L,4+1 consist of all subsets of L, definable by
e-formulae, and for limit ordinals A we take the union of all previous stages

of the construction, Ly = |J L. Finally L= |J L,.

a<< aeOn

L turns out to be the smallest model of set theory, i.e., it is a subclass of
every other model. As a consequence of the very concrete definition, L has
some fundamental properties undecidable in ZF'C' alone. Actually, Gédel
defined this model to prove the consistency of ZFC and the continuum
hypothesis (C'H). This proof is based on the condensation lemma which

states that ¥i-substructures of L condense down to stages of L.

In contrast to this simplicity, there are more complicated statements, e.g.,
combinatorial principles (as the (-principle) or the Covering Lemma. It
was Ronald Jensen who in 1972 came up with a solution for this kind of
problems, the so-called fine structure theory. The idea is to have a closer
look at the passage from L, to L,+1 and to describe the process with some

“bookkeeping device”. Even today — after 25 years of development —, this



method is extremely complicated and wearisome.

Also in the early seventies, Jack Silver found a different approach — the
Silver machines. These machines reduce the considerations to calculations
with sets of ordinals. Similar as for L, a new hierarchy for these sets, M?, is
defined. Analogically to the condensation lemma we have a collapsing prop-
erty, i.e., closed structures (which are produced by a hull operator) condense
down to stages of the machine. In contrast to the constructible universe very
little happens in the passage from M? to M%*!. This is guaranteed by a cer-
tain finiteness property which codes all information needed for this step in
a finite set which itself has a simple form. This basic theory is developed in

the first chapter.

The Koepke-Richardson-Silver-machine defined in the second chapter will
consist of functions used for coding and decoding sequences of ordinals, a
truth function, and a Skolem function. The later relate the machine to the

situation in L.

The Covering Lemma* states that — under the assumption that 0¢ does not
exist — every uncountable set of ordinals is covered by a set of the same
cardinality in L. This is proved in the third chapter as an application of the
Koepke-Richardson-Silver-machine. Finally, we prove the Strong Covering

Lemma, a strengthening of the above, namely an extension to structures.

Notations

The basic concepts of set theory (especially the constructible universe L) are
assumed to be known. Any notation and definition not explained is standard

and may, e.g., be found in Drake [2].

We use the usual logical symbols: A (and), V (or), = (not), 3 (exists), V (for

*Traditionally named lemma, theorem would be more adequate and is used occasionally.
However, we side with the tradition.



all), — (implies), (, and ) (parentheses)

~

For two sets = and y we write z = y if  and y are isomorphic (i.e., there
exists a 1-1 function from x onto y which preserves all structures on z; the
structures will be clear from the context). Furthermore, we write = C y if =
is a (not necessarily proper) subset of y. For the set of all subsets of z with
cardinality x we write [z]". For a set of ordinals X let lub X (least upper
bound) be the least § with X C J. As usual small greek letters will denote

ordinals.

Let f: x — y; we write dom f for the domain and range f for the range of
f st. f C range f x dom f. The set of all functions f with domain z and
range f C y will be denoted by ¥y. <“z is the set of all finite sequences in
z. If z and y are ordered sets and f is a bijection which preserves this we
write f: z <=2 y. Finally, f is a partial function f: z — y if dom f C .
For two partial functions f and g we write f(z) ~ g(x) to mean that f(z) is
defined iff g(z) is defined, in which case they are equal. Furthermore, f(x)|
iff f is defined at z, else f(z)T.

(B,<) is called directed partial ordering if it is a partial ordering (a
transitive and reflexive relation) and Va,b € B Jc € B(a<cAb<c).
Let Z = (W, €)pep s (Toiba)p, <p, Pe a commutative system of maps, ie.,
Thyby: (Yo €) — (Vg €) is order-preserving and if by < by < bs then mp,p, =

Thabs © Thiby- Then (A, E, ), is a direct limit of the directed system Z iff
i) mp: (W, €) — (A, E) is order-preserving,

ii) A= | rangem, and
beB

iii) if b1 < by then Thy © Thyby = Th, -
We call this system well-founded iff (A, E) is well-founded. It is a well-known
fact that any two direct limits of a system are isomorphic; so, in case (A, E) is

well-founded, we may take (v, €) as the direct limit where + is the transitive

collapse of (A, E).



1 Silver Machines

We commence with a series of definitions. First the general notion of a

machine and the fundamental closure- or hull-operation.

Definition 1 (Machines) A sequence M = (On, <, M;),__ where M; is

<w

a (class) partial function M;: <“On — On (all i < w) is called machine.

For 6 € On we define M% = (5, <ﬁ(52,Mf)l.<w where M? = M; N (§ x <¥¢).

By this definition, a machine is essentially a countable sequence of functions.
Intuitively, these functions may be seen as algorithms for creating new sets
from an input. The “stages” M? of this machine restrict the calculations,
such that we have sets instead of classes. The idea of the stages is, that,
when the stage M? of the machine is applied (as an operator) to a set X of

ordinals, we get all sets which are calculated from X in d-many steps.

Definition 2 (Closure) For 6 € On and X C 9 let
MO[X] :ﬂ{Y)XcYcM Vi€ w M [<4Y] CY}.
M?[X] is the closure of the set X under the stage ¢ of the machine M.

For a machine M and an ordinal §, a set X is called M?-closed (cl$;(X)) iff
X C 6 and M°[X] = X.

Now we can explain what we mean by isomorphic in respect to machines:
For some & and an MO-closed set X we write M? = X iff there exists an

order-preserving 1-1 function 7 from M % onto X with

Vi < w Yu € g W(Mf(u)) ~ MY (m(u)).

The next property describes a structure of a machine which grows slowly

and coherently. It will define the notion of Silver machines.



Definition 3 (Finite Support Property — FSP) A machine M sat-
isfies the finite support property (FSP) iff for all 6 € On there is a finite set
Hs C 6 s.t.:

i) Hs ¢ MOt [{5}]

i) If X is M°-closed with Hs C X and M? 2 X, then X U {8} is M%+1-
closed with M+! 22 (X U {6}).

Intuitively, this means that the step from stage ¢ to stage d + 1 can be coded
by only finitely many ordinals and that the calculations from earlier stages

are preserved.

Definition 4 (Silver Machine) A machine which satisfies FSP is called

Silver machine.

In the rest of this chapter we work out some consequences of this definition,
you could say we split FSP in handy properties. The first is the analog to
the condensation lemma in L. Roughly speaking, the collapsing property

says that closed structures are of a simple, coherent form.

Definition 5 (Collapsing Property) A machine M satisfies the col-
lapsing property iff, whenever X is M?-closed (some & € On), then M S X
where § = otp(X).

Theorem 1 Silver machines satisfy the collapsing property.

Proof Given dcOn and an M%-closed X let § = otp(X) and 7: § <2 X.
Extend 7 by 7 (5) = §. First note the following trivial fact:

v < 8 el (X 0 ()
To see this note that M™M [X N7 (7)] € M? [X N (7)]Nx (7) C X N (7).

We show by induction: ¥ij < 8 M7 2 X N7 (77) (This implies M® 2 X.) For

7 = 0 and lim 7 this is clear. So assume 7 = i+ 1 and let p = 7 () € X.



By the induction hypothesis we have M” =2 X N p. By the fact we know
clh; (X Np). By FSP there is an H, ¢ M** [{u}] Np € X N p. Hence
M2 (XNp)U{u}=XN7(z+1) and we are done. .

Remark 1 Let M be a machine which satisfies the collapsing property.
If6€On and X C § then m: M® = M°X] and § = M° [X]. where 6 =
otp (M[X]), m: &6 «~2 MO[X], and 7 [X] = X

Proof Assume a situation as in the remark. By the theorem above we
infer M% =~ MO[X]. Let Y = M? [X] and Y = 7 [Y]. Then Y is M°-closed
with X C Y, so M%[X] C Y. Hence Y = 6. -

Definition 6 (Collapsing Function, Structure-Preserving) Let X be
M?-closed for some § € On and 7: M% = X. Then we call 7 collapsing
function. In this case we also write 7: § = X (= rangen) or 7: 6 = §
(range 7 is MO-closed). If m: & — & and rangen is M?-closed for some

0’ < 4 then 7 is called structure-preserving.

Note that the following are equivalent by the collapsing property:

1

i) 0206
ii) 7 is order-preserving and Vi < w Yu € <“§ W(Mf(u)) ~ M? (7 (u)).

iii) 7 is order-preserving and M 0 [range w] C range .
Furthermore, m: § — § is structure-preserving iff 7 is order-preserving
and for i < w and u € <“§ if M?(u)| then MY (w(u))| and W(Mf(u)) =
MY (n(w)).
Proposition 1

i) Each collapsing function is structure-preserving.

ii) Let o - 50 = 51 and - (51 = 52. Then 1 O T - 50 = 52.



iii) Let mp: 69 = 01 and 71: d2 = 3 where rangeny C rangen;. Then

U Lo 8p =2 6.
i) If w: 69 — 01 is structure-preserving then m: oy = lub (range ).

v) Let mg: 69 — 01 and mi: 6o — O3 be structure-preserving where

range g C rangemwy. Then Wfl omg: 0g — 02 18 structure-preserving.

i) — iii) are clear by definition. For iv) note that by definition cl‘;@ (range )
for some d < 8;. Clearly, lub (range 7) < dy. Hence M'P(range™) [range 7] C
M?2 [range 7] C rangew and, therefore, cllj\li,b(range ™) (range ). v) is immedi-

ate from iii) and iv).

The next property says that only the knowledge of a finite set of ordinals is

necessary to understand what happens at one additional step of calculations.

Definition 7 (Finiteness Property) A machine M satisfies the finite-
ness property iff for all 6 € On there is a finite set Fy C § s.t. forall X C d+1,
MO+X] € MO [(X Né§) U Fs) U {6}.

Theorem 2 Silver machines satisfy the finiteness property.

Proof Choose F5 = Hs. Then the right hand side is M%*!-closed by FSP.
Since X is a subset of the right hand side, the same is true for the MOt

closure. =

Definition 8 (Direct Limit Property) A machine M satisfies the di-
rect limit property iff the following holds: Let Z = (yp, €)ycp » (Tb152 )y, <p, P
a well-founded directed system with direct limit (v, €, m),c 5. If each 4,

is structure-preserving so is .
Theorem 3 Silver machines satisfy the direct limit property.

Proof First note that each 7, is order-preserving by definition of the direct
limit. Let X}, = range (m,) and extend 7, by 7 (75) = lub X;. We show
MU X [X] € X



For all b € B we proceed simultaneously by induction on o < « to show
that, if for some a; < 7 we have m, (ap) = «, then 7| ap: ap = «a, ie.,

Ma[XbﬂOé]CXbﬂOz.

For a = 0 this is clear. For any i < w and u € Yoy, s.t. § := M (mp(u))|
we need to show that 5 € X, N a. Let g = max (m(u)) U S < a and choose
b > bst. = my(f) for some f/ < vy and H, C Xj. (This can be
done since for each § € 7 there is a ¢ € B s.t. § € range (7.) and, therefore,
d erange (my) for any ¢ > ¢, and since H,, is finite.) Now let v’ = mpy (u) (so
my (u') = my(u)) and p' = 7, ' (1) < p < a. By the induction hypothesis and
by FSP 7y [ (' + 1) : (' +1) = (n+1). It follows that MZ.‘H'1 (W) =p.

Since § < a < lubX;, we have § < £ for a £ € X, (else § > lub Xj).
Let § < w s.t. mp(§) = € and & = mpy (§). Therefore, my (§y) = &
and, finally, 8" < & € range myy. So, p/ < lub (range mpy ). Now mpy : vy =
lub (range mpy) and we can conclude that 7y (B) = [ for some 8 < ay.

Then 3 = my o my (B) = m, (8) € Xp N« as desired. =



2 The KRS-Machine

In this chapter we construct a Silver machine suitable for L and the proofs

of the Covering Lemmas.

First we need to define our language.

Definition 9 (Language, Terms, Formulas) Let £ consist of the fol-
lowing symbols: €,=,V, —, (,); variables v; for all i € w; quantifiers 3,andS,

for all a € On.
The following inductively defines terms and formulas:

i) If s and t are variables or terms, then (s = t¢) and (s € t) are formulas.
We do not allow the case that s or t is a variable which occurs as a

bounded variable in ¢ respectively s.

ii) If ¢ and ¢ are formulas, then (¢ V 9), (= ¢), and (F,4v;) ¢ are formulas.
For the V-case, we do not allow that a variable free in ¢ is bounded

in 9 or vice versa. For the J,-case, v; must not be bounded in ¢.

iii) If ¢ is a formula, v; is the only free variable in ¢, and neither 35 for a
B > anor Sz for a § > «a is a symbol in ¢ (i.e., ¢ has rank < a, see

below), then (S,v;) ¢ (v;) is a term.

By definition, terms have no free variables. Furthermore, a variable occurring
bounded within a formula cannot be free anywhere else in the same formula;
this is done so that we can easily substitute free variables. Of course, this
restriction is only technical. The logical symbols not specified above (such

as Yy, <, ...) will be defined in the obvious way.

Definition 10 (Rank) For a term or a formula ¢ let the rank of ¢, rk(p),

be the least « s.t.

i) if 33 occurs in @, then § < a and

10



ii) if Sz occurs in ¢, then 8 < a.

The idea behind these definitions is that L, consists of the interpretations
of the terms of rank < « and that (3,v;) ¢ means Jv; € L, ¢. A suitable
assignment will be introduced later in this chapter. As a next step, we need

some tools to code (“Godel-number”) our language.

Definition 11 (Pairing Function) A pairing function is a 1-1 onto
function P: <“On — On s.t. Vu € <“On P(u) > max(u). For u,v € <“On let
u <p v iff P(u) < P(v). Define “inverse functions” Pj: On — On, k € w, by

P(0) = {

ay, if P71(8) = (ag,... ,an 1)and k <n

T, else '

From now on we fix the following pairing function P:

For u € <“On and «a € On let occ (o, u) = the number of occurrences of « in

u. Define u <p v iff

i) occ (a,u) < occ (a,v), where « is the largest ordinal s.t. occ (o, u) #

occ (a, v) or
ii) Ya occ (a,u) = occ (a,v) and u <jey v.

Obviously, <p is a (strict) linear ordering. Note that < p is also well-founded:

Assume (u;) is a <p-decreasing sequences of elements of <“On. Since

i<w
for each wu; there are only finitely many v € <“On s.t. Va occ (a,u;) =
occ (a,u), we may assume that all u; are ordered by condition i). Then let
a; = max (u;) for all i < w; (a;) is (not necessarily strictly) decreasing and
hence has a minimum, a say. Now take the subsequence of (u;), . with
max (u;) = a; of those take all with minimal occ (o, u;). All elements of this
subsequence must be smaller than the rest by construction. Ignoring «, we
can repeat finding the minimal maximum and so on. Since these maxima
are a strictly decreasing sequence of ordinals, this process stops after finitely
many steps and we are done. So P(u) = otp. , (u) defines a 1-1 onto function

P: <“On — On.

11



It remains to show that Vu € <“On P(u) > max(u). Assume not; then
choose the <p-minimal u with a := P(u) < # := max(u). Hence u = (f3).
But P (u) > P ({a)) > a which is a contradiction. Therefore, P is a pairing

function as required.

Definition 12 (P-closed) An ordinal § is P-closed iff Vue <“¢ P(u) < é.

Definition 13 (Coding) The symbols of £ are identified with ordinals

as follows:
symbol | € | = [V || (|)| w | 3% | S
ordinal [0 ] 1 [2[3[4|5]i+6|P((L,a)) | P((0,1,a))

So any term or formula ¢ may be seen as a sequence s of ordinals. Let
Fo! = P(s). In this context we identify each ordinal o with the sequence (o)

so that "o = (o).

The following is immediate from the definition:

Proposition 2
i) For all o, f € On with o < f: w < 3Jy < Sy < Jp

it) If ¢ is a formula or term and o a symbol occurring in @, then "o <

FAl

(Vo

1) If ¢ is a formula or term of rank « and B is the least P-closed ordinal

greater than «, then a < "' < 3.

i) If ¢ and 1 are formulas where @ is a proper subformula of 1, then
I—(p—l < I—w—l.

v) Ift is a term and ¢ a formula containing t, then ™t < T

vi) If s and t are terms with rk(s) < rk(t), then "s* <.

vii) If t is a term of rank < « and o(v;) is a formula, then "7 <

"(Favi) @ (vi) " and Tp[t]" < T(Favi) @ (vi) .

12



viii) If, for some § € On, X is M?-closed, where the pairing function P is
a function of M, and 7 : M?® = X then: there exists a term/formula ¢
with " €6 iff there exists a term/formula ¢ with " € X. (In fact 3

is obtained by replacing every occurrence of 3o with 3. (o) and Sy with

S,r(a) ) =

E.g., note for viii) that | (5 N w) = id. This is clear since X is M®-closed

and P applied to the sequence of n 0s equals n, therefore, 6 Nw C X.

The next definition will simulate the situation in L. At the end of this chapter

the machine is mapped onto L.

Definition 14 (Truth Function and Skolem Function) We define a
truth function T: {"¢"|p sentence } — 2 by induction on rank. Assume this
is done for all # < « and ¢ is a sentence of rank a. Then T'(p) is defined by

induction on the complexity of ¢ as follows:

i) For terms s = (Sgv;) ¥ (v;) and t = (Syv;) x (¥;) (let k, m, and n —
all different — be minimal s.t. vg, v,,, and v, do not occur in ¥ and
X):

T ("(Vgor) (¥ (vx) < x (v))7) ,B="
T("s=1") =T ("(Vyur) (¥ (vx) < x (&) A €15)"), 8 <7 and
T ("(Ypor) (¥ () Aoy €Ly = x (vp))7), B>

T(set’) =
_ {T ("Gyor) (x (vi) A (Vgom) (vm € v < ¥ (0m)))7) Bz
T ("Fyor) (X (vi) A (Vyom) (vm € vk < % (vm) A vm €1p))7), 8 <

where [3 is the term (Sgvy,) (v, = vy).

ii) Connectives:
T(=y) =1\T ()
T ("1 Vo) =T ("1 ) UT (Th2)
iii) Quantifier (5 < «a):
T ("(Fpve) ¥ (vi) ) = U{T ("P[t])[ ¢ term A k() < 5}

13



We say that ¢ is true iff 7' ("p") = 1.
Finally, we define a Skolem function
he {7 T (") = 1A @ = (Javi) ¥ (v;) some 4,9} — On

s.t. if ¢ € dom h then [t] is true where ¢ is minimal with this property and
I_t—l — h (r<p—|)'

Now we are ready to define the desired machine and prove that it is actually

a Silver machine.

Definition 15 (KRS-Machine) We define the KRS-machine (Koepke-

Richardson-Silver-machine) as M = (On, <, P, P, T, h), _,.

Theorem 4 The KRS-machine is a Silver machine.

Proof We show that Hs = ({ P.(9)| k < w} U {h(d)}) N ¢ is as required.
Obviously Hjy is finite and Hs ¢ M+ [{6}]. So suppose X is M-closed
with Hs C X and M% = X. We need to show that X U {8} is M-closed
with Mt = (X U {6}). That is for 7: (6 +1) «~ 2= (X U {0}):

i) (P3P (3))) = PP (x (P (7))

ii) VE<wm (Pk (5)) ~ P (5)

iii) 77 (0) ~ T'(9)

iv) m(h(0)) ~ h(d)
This is sufficient since these are all new events at this stage. For iii) remember

that «| (6 N2) = id.

Note two easy facts:
Fact 1: If § is P-closed then P ({J)) = 0.
Fact 2: If § = max (P~1(8)) then § is P-closed.

For i) and ii) it suffices to show that = (P~ (5)) = P~1(9).

14



Case 1: § is P-closed. Then § is P-closed. (For u€ <“§ we have P (7 (u)) < 6,
so P? (m(u))|. Hence P%(u)| with P(u) < 4.) By fact 1 we are done.

Case 2: § is not P-closed. By fact 2 we have P~1(§) € <“4. Since Hs C X
there is u € <¥§ with w(u) = P~(6). Let P(u) = 7. Then § < 7, else
0 >m(n) == (Pg(u)> = P%(m(u))]. Therefore, ¢ is not P-closed and
so by fact 2 again P~!(0) € <6. If § < 7 then 7 (P71 (d)) <p w(u) =
P~1(5). Thus P° (x (P~1(0)))] but pPo (P~ (6))1 which contradicts the
assumption 6 < 7. So d =7 and w (P! (8)) = P(u) = P1(4).

For iii) and iv) remember that, by viii) of proposition 2, m preserves syntac-
tical notions. So 0 is a sentence iff § is. If not the result is trivial. So assume

0 is a sentence.

Case 1: § is of one of the following forms: s = ¢, s € t, = ¢ or ¢ V x (some
terms s, ¢ and formulas 9, x) Then iii) is clear by the definition of 7. And

in iv) both sides are not defined.

Case 2:  is of the form (34v;) 9 (v;). Then 4 is of the form (I (qyv;) 7 (¥ (v5)).
If § is true then T ([t]) = 1 for &1 = h (5). So T (x() [x(£)]) = T(5) = 1
and 7 (h (8)) > h(8). On the other hand, suppose ¢ is true. Then h(6)€ Hs C
X. So there is a term ¢ with "t1€ 6 and 7 ("t") = h(5). Now T (7(¢) [r(t)]) =
T@[t]) =T (6) =1and 7 (h(8)) < h(9).

It follows that T (8) = T'(6) and 7 (h (8)) = h(é). -

The following definition finally connects the KRS-machine to L by assigning

each term of L, i.e., the corresponding ordinal, an element of L.

Definition 16 (Assignment) Define A: {7¢'|t term } — L by induction
on rank. Note that there are no terms of rank 0 or limit rank. Assume the
definition is done for all 5 < « and t is a term of rank a+1, t = (Sav;) ¢ (v;)
say. So ¢ has rank < a. Let ¢’ (vi, vk, ... , 0k, ,) be a formula of rank < a

containing no terms and let ¢; be terms with rk (¢;) < a < rk(t), j < n, s.t.

15



¢ (vi) = ¢ [vi, to, ... ,tn—1]. So A(t;) has been defined. Now define
Aty ={z € Lo |La |- ¢ [z, A(to) ..., A(tn-1)]}-
Proposition 3 L, = {A(t)|t is a term of rank < a}

Proof This is clear for @« = 0 and lim «. So assume o = (4 1: Suppose
r={yelg|Lg =1y to,... tn—1]} € Ly, where ¢ (vi,vko, ... ,vknfl) is a
formula of set theory (W.l.o.g. let no variable occur free and bounded.) and
tj € Lg, j < mn. Let ¢ be the formula of £ obtained from ) by replacing
every occurrence of 3 by dg and by the induction hypothesis let s;, j < n,
be terms of rank < 8 s.t. A(s;) =t;. Now s = (Sgv;) ¢ (vi,80,... ,8n—1) is
a term of rank 5+ 1 s.t. A(s) = x.

Conversely, suppose t is a term of rank < . We remain with the case that
t = (Spv;) ¢ (v;) is actually a term of rank a. Let ' and t;, j < n, be as in

the definition. Since rk (¢;) < 3, A(t;) € Lg, j < n. Hence A(t) is definable
over Lg. So A(t) € L. -

Corollary 1  Let t be a term of rank «. Then A(t) € Lo. Furthermore,
A(ly) = Ly, where 1, = (Sqvg) (vo =vg). So the truth function and the

Skolem function are as expected:

Let o (xg,... ,xn—1) be a formula of set theory and o € On. If ¢, is the
Jformula of L obtained from ¢ by replacing 3 everywhere by 3, and if t;,

j <mn, are terms of rank < o then
T (paltoy--- stn—1]) =1 iff Lo E @ [A(to) ... s A(tn-1)]- 4

Definition 17 A machine M is ZF~-absolute iff the relation M (u) ~ a

is AZF" with parameters u, 6, i, and .
Theorem 5 The KRS-machine is ZF~ -absolute.

Proof Of course the numbering of the functions is not important. For

definiteness, say My = P, M1 =T, Ms = h, and M;3 = P; for all i < w.
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To see that Po(u) ~ a is AT we first show that u <} v is AFF  with

parameters u, v,d, where <% means <p N (<w§)?:
A€ (R (u,v,8) A\Vyed(Bey— R(u,v,5) N R(v,u,))
A= R(v,u,08)) vV (VB €6 (R (u, v, ) A R(v,u, B)) A u <iea v)
where R (u, v, 3) means occ (u, 3) < occ (v, 5):
dfeP({iedomv|v(i) =8} x {i edomulu(i) =8}) f 1-1
Note the importance of v and v being finite sequences. Now, since <“¢ is a
AZF" term, P°(u) ~ a is as required:
3f (f:{ve ¥|v <pu}—aAVo,we s (v<pw— f(v) < f(w)))
or
Vi((f:{ve<“s|v<pu}—dAYv,we<“(v<pw— f(v) < f(w))
A On (range f)) — range f = «)

Hence it follows that each P?(u) ~ a is AZF . T is clear by its recursive
definition written out in full. Finally, h%(8) ~ a (we write 3 for the sequence

u of length 1):

T(B)=1A3FyeddicwIue (8= P((4,P((1,7)),i+6,5) u)

A T(°f (ui,0)") = 1AV <a(term (¢) — T ("f (u,i,¢)") = 0)),
where term (() is clearly restricted (similar to the part decomposing 3 above)
and f (u,i,¢) = 9 [t] with ¢ = ™" and u representing 9 (v;). f (u,i,{) = v
can be written as

ds: domv — (domu + 1) (v(0) = u(0) A s(0) =0

A Vj<domwv(j+1 <domv A s(j)+1 < domu —

(u(s(j) +1) # 146 v (+1) =u(s() + ) As(G+1) = () + 1)

A(u(s(j)+1) =146 — s(j+domk) =s(j) +1 A Vk < domt

(v(j+1+k) =t(k) A (k+1 < domt — s (j+1+k) = domu)))).

The idea of this formula is to replace the variable v; in v by the term ¢

17



where s is a counter. Note that the first 4 can be replaced by V since the
rest of the formula uniquely defines s; hence this is a AZF -formula and we

are done. =
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3 Covering

In this section let M be the KRS-machine and A the assignment from Def-

inition 16.

Remark 2 0% exists iff there is a nontrivial elementary embedding of L
into L. Furthermore, if o, 3 are limit ordinals and 7: L, — Lg is an el-
ementary embedding with (y) # v for some v < @ then 0% exists. (see

theorem V.4.3 in [1])
Covering Lemma

This proof of the Covering Lemma is essentially due to Silver and Richard-

son.

Theorem 6 (Jensen’s Covering Lemma) Assume 0° does not erist
and let X be an uncountable set of ordinals. Then there exists a Y € L

s.t.XCYand?:?.

Proof Assume that such a Y does not exist. We show that 0¢ exists.

Let v € On be least s.t. for some uncountable X C v there is no Y € L with
X CY and X =Y. Fix such an X. By the minimality of v the following is

easily derived:
i) X is cofinal in v.
i) Ng< X <T
iii) L = “v is a cardinal”

Assume not and let p = T and f:p < v where f € L. Since X :=
fUX]Cpu<vthereisaY eLst. X CY Cpand X =Y. Hence

Y::f[Y]ELWi‘LhXCYCU&md?z?.

iv) ﬁEIYeL(XCY/\L%?<v>

=L
Assume Y € L with X C Y and p:=Y < w. Let f: u < Y where
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feL. Since X :=flX]Cu<wvtheeisaZecLst.XCZCup

and X = Z. Again f [Z] contradicts the assumption.
The following construction is the main part of this proof.

Let w: Lz — L, be elementary for some v. Note that, since v is a cardinal
in L, L, is a limit of ZF~-models. For n > v we define the directed partial

ordering (B,, <):
By ={(6.F.B)[p<s<nAFcsAF<nns<o)

For b € B, we write b = (&, Fy, 3). For b,b' € By: b < V' iff 6, < 0y,
By < By, and F, C M% [Fy U By]. Note that if b < b then M% [F, U 3] C
M [Fy U By] (ie., v < 4y, see below).

Now define f, and 4, by fi: 75 = M% [F}, U 3,]. Due to remark 1 we have
vy = M [fljl (Fy) Uﬁb]. Furthermore, define fyy: v — v (b < V) by
o = [y Lo fy. Then fyy is structure-preserving. The following diagram

might clear the situation:

MY [FyUBy] «— MY [Fy U By

be be/
fbb’
o0 0 T
Note that fpy is the uniquely determined function f: v, — =y which is
structure-preserving with f | 8, = id| B, and f (fb_1 (Fb)) = fb71 (Fy).
Since M is ZF~-absolute and Lz is a limit of ZF ~-models, we get that if
Vb Y < U where b < V' then fyy € L. Now define the directed system Z,, as
(Y6, €)ven, » (fow )p<yy- 16 follows that m(Zy) = (m (1) €)yep, » (T (forr))p<iy
exists iff Vb € B, v, < 0.

From now on, assume that 7 is a limit ordinal s.t. 7 (Z,) exists and is
well-founded. Let (n*, €, fi) be the direct limit of w(Z,). For b < ¥/,
7 (fper ) is structure-preserving because of fy. So by the direct limit property

fi:m(w) — n* is structure-preserving for each b € B,,.
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Due to lim7 the direct limit of Z, is (n,e,fb>b€Bn. So we can define a
function 7*: n — 1™ by requiring that 7* o f, = f; o for all b € B,,. To see
that 7* is well-defined we must check that the definition is independent of
the choice of b: Assume b < V', a € 3, and 8 € v with fy(a) = fi (8), i.e.,
Jo (@) = B. On the other hand, we have f5 o7 (fyy) (7(a)) = f; (7(a)).
With 7 (for) (m(c)) = 7(B) we infer f; o m(a) = fj; o m(B3) as required.

Furthermore, 7* extends 7| v: For any § < © we have b := (3,0, ) € By,

fo =1id] B, far | B = id, and hence 7 (fpy) [ 7(8) = id for all ¥ > b. Then
[ =id[7(B) and hence 7*[ B = 7% o f, = fyom = 7| B.
Next we show 7*: n = n*, i.e.,

ViewVue Uy n* (M (u) ~ M (u*),
where v* = 7*(u):
First assume that y* := Min* (u*)]. Choose b € By, s.t. y* € range f; and
u = fp (up), where up € <“ry,. Then u* = 7*(u) = 7* o fi, (up) = fif o 7 (wp).
Since f; is structure-preserving, we have y* = f o Mzr(%) (7 (up)). Hence
L, = 3y € () MZF(%) (7 (up)) = y. By the elementarity of m we infer
Ly = 3y ey M (w) = y. Now if y, = M (up) then f; (yp) = M"(u)]|
and f; om (yp) = y*. Hence 7* (M'(u)) = 7* o fi, (yp) = ff o (yp) = y* as

desired.

Conversely assume M (u)|. Again choose be By s.t. u = fj, (wp,) and M, (u) =
fo (yp). Since f is structure-preserving, we have y, = M." (up). Therefore,
using ™ (u) = 7 o f, (up) = ff o 7 (up), we get 7 (M]'(u)) = fF om (yp) =
M (ff o (w)) = M (u").

Using the following lemma (which will be shown later) we finally prove the

existence of 07.
Lemma 1 There exist v € On and 7: Ly — L, elementary, s.t.

i) X C rangem
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it) [ is non-trivial.

iii) If n > v and 7 (Z,) exists then 7 (Zy,) is well-founded.

Letting v and 7 be as in the lemma, we assume that 7 (Z,) does not exist
for some 17 > v (and, therefore, for all ' > 7). The set {n > v |7 (Z,) exists }
is closed (for limn we have B, = |J B¢) and non-empty (7 (Z3) exists).
Let 7 be the largest ordinal s.t. WEEZ) exists. We infer the following two

properties for n:

i) IFen<v3I<on=M"FUPpS:
Since 7 (Zy+1) does not exist, there is a b€ B,1 with v, > v. Assume
Y < 7m; then V' = <'yb,fl;1 (Fy) ,ﬁb> € B, and so vy < 0. Using v, =
Mv [fljl (Fy) U 3] this implies vy = 5, < © which is a contradiction.
Hence n < v, < n+1 and, therefore, F' := fb_1 (Fp) and B := (3, are as
required.

i) limn:
Assume 7 is of the form 6 + 1 and Hjs is from FSP. With F' and (8
as above § = 6 N M"[FUB] ¢ M [((FU Hs)N6) U A] holds by the
finiteness property. For b := (4, (F'U Hs) N6, 5) € B, we get 6 = 7}, > v

which contradicts the existence of 7 (7).

Finally, let (n*, €, fi) be the direct limit of 7 (Z,) and 7* the extension of
7 as in the construction above. For F' and (3 as before let F* = 7*(F") and
B* = 7*(B). Then X C rangen* = M7 [F*UB*] = Y. Hence Y € L by
Z F~-absoluteness and L = (? = max (No,ﬁ) < v). This contradicts iv)

from the beginning of the proof. Hence 7 (Z,)) exists for all n > .

For a cardinal n > o construct 7*: nt — (n1)* as before. We extend 7*[ 7
to an elementary embedding 7: L, — L, by letting 7 (A(t)) = A (7*(t))

where ¢ is a term of rank < n and 7*[n: n = n*, ie., n* = 7*(n):
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First note that since 7 is a cardinal it is P-closed. So "t' < 7 holds for
each term with rk¢ < 7. Using that 7*[ n is a collapsing function, it fol-
lows that 7 is well-defined (if, for terms t; and to, A(t;) = A(t2) then
we get T (t; = t), hence T (7* (t1) = 7* (t2)), and, finally, A (7* (t1)) =
A(7m* (t2))). To see that 7 is elementary let ¢ (vg,... ,v,—1) be a formula
of set theory and xg,... ,x, 1 € L. For i < n choose terms ¢; of £ with
rkt; < n and A (t;) = z;. Using corollary 1 and the fact that 7* preserves

syntactical notions the following chain of equivalences holds:

L,E=¢lxo,-.. Tn-1]

T (o [tos. .. b a1]) =1

it T (e 7% (t0) s 57 (b)]) = 1
iff L« =@l (z0),..., 7 (Tn-1)]

Therefore, ordinals remain ordinals and hence 7 extends 7* [ . Finally, 7
moves an ordinal since m does. Together with remark 2, this implies the

existence of 0. =

To finish the proof of the Covering Lemma it remains to show lemma 1.

First some considerations.

I Z = (W, €)yep» (for)p<y 15 a directed system and there is a sequence
(w;);, s.t. there is (b;); ., € “B with w; € v, b; < bj, and w; € fi,p, (w;)
for all 4 < j, then Z is not well-founded (fy, (wi) = fi; © fo,p; (wi) > fo,; (wy)

for i < 7). We call (w;) a witness for the non-well-foundedness of Z.

i<w
We summarize the main properties of the construction in the main part of
the proof by calling a directed system Z = (v, €),cp, (forr) p<p for which
the following holds an (v, 8)-construction: For all b € B there exist £, < 3

and finite sets G C 4 s.t.

i) w=M7"[GyU B] <,
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ii) for b < b By < By, forr: 1 — Y 18 structure-preserving, and fyy | B =
id[ By,

iii) for all b€ B there is a b’ € B s.t. b < b’ and range fy is not cofinal in

’W)’:and
iv) B =lub{G|be B} <w.

For an (v, #)-construction Z and Y < L,, we write Z € Y iff, for all b,b’ € B
with b < b, vy, By, Gy, fory € Y. In this case let 7: Ly = Y and 771 (Z) be
the directed system (7! (7;), E>beB (mt (for) )y~ 7 s called Y-well-
founded iff 71 (Z) is well-founded. This is true iff there is no witness (w;),

for the non-well-foundedness of Z where each w; €Y.

Finally, three preliminary propositions before we prove the lemma.

Proposition 4 ForY <L, and B <vletnw: Lz Y and Z €Y be an
(v, B)-construction which is Y -well-founded, but not well-founded. Assume
Y cY' <X Ly, Y contains a witness for the non-well-foundedness of Z,
Z' €Y is an (v, 3")-construction where § < ' < w, § is the direct limit of
77 Y(Z), and §' > § is the direct limit of 7= (Z'), then Z' is not Y'-well-
founded.

Proof To fix the situation, say Z = (y,€)yep, (firr)p<y and 7' =
(Vo5 €)pepr » (fobr )p<ryy where B and B’ are disjoined. Let C'= BU B’ and for
beC let G, C vy and By < 75 show that Z and Z’ are (v, 3)- and (v, 3)-
constructions respectively. Furthermore, let 5, = 771 (), Gy = 71 (Gy),
By =m1(B), and foy =7 (foy) if b <V or b <" V. Let (6, e’fb>beB and
(¢, e,fb>b€B, be the direct limits of 71 (Z) and 7! (Z’) where § < & by
assumption. Now define <¢ s.t. (KU <) C <¢ and forbe B and v/ € B’

b <c b if 3, < By and range fi, C range fi. In this case let fy, = fb71 o fp.

By v, = M [Gy U 8] we know 5, = M [G’b U Bb]- Clearly fy is structure-

preserving and fi | 3, = id| B3,. As above, each f; is structure-preserving.

24



Next we show that C is a directed partial ordering. It suffices to show that
for all b € B there is a b’ € B’ with b <¢ b’. So assume b € B and choose a
by € B’ with 3, < (3, which can be done since 8 < 3’. Next choose a by € B
s.b. by <’ by and f;, (Gp) C range fy, (note that f, (Gy) C 6 and &' > § is the
direct limit of Z’). Now note that there is an b3€ B with b < b3 and range fy,
not cofinal in ~,,, and hence range fbb3 not cofinal in 7;,. This implies that
range f, is bounded by an element of range f;, and hence not cofinal in 6.
Therefore, we can choose a by > by s.t. lub (range ﬁ,) € range fp,. Finally,

range fj, C phub(range fy) [fb (Gb) U Bb} C range fp,. So by is as desired.

Now it is clear that Zo = (3, €)pec » <fbb'>b§cb' is a directed system. Let
o =7 (ZC). Since B’ is cofinal in (C,<¢) and §' > § we have that Z’
and Zc have the same direct limit. Let (w;); ., € Y’ be a witness for the
non-well-foundedness of Z s.t. w; €y, and w; € fy,p, (wi) where b;,b; € B and
i < j. Choose b; € B' with b; <¢ b} and Vj < i b); <" b} for all i < w. Finally,
let w, == < fbm;) (w;). (wj); ., €Y is a witness for the non-well-foundedness

of Z'. -

Proposition 5 For Y < L, there exists a Y' withY C Y' < L,, Y =
Y + No, and, if Z € Y is a non-well-founded (v, 3)-construction for some

B < w, then Z is not Y'-well-founded.

Proof Let m: Ly =2 Y. We construct Y’ by induction. To commence let
Yy = Y and §y = On. Our hypothesis is that Y C Y,, < L,,, J,, is defined,
Y + Ny = ?n, and if Z7 € Y is a non-well-founded, Y,-well-founded (v, 3)-

construction for some 8 < v then the direct limit of 7=1(Z) is in §,.

This is true for n = 0. For n > 0 either Y,, is as requested or there is a
Z €Y which is a non-well-founded, but Y;,-well-founded (v, #)-construction
for some 8 < wv. In this case let 8 be minimal with this property and fix such

a 7 and a witness for the non-well-foundedness of 7, (w;) say. Let Y41

i<w

be the smallest elementary substructure of L, with Y, U{w;|i € w} C Y41
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(hence ﬁ is as required); let d, 41 be the direct limit of 7=1(Z). By the
induction hypothesis we have d,,41 € §,,. We have to check that the induction
hypothesis holds for n + 1: Assume that 7' € Y is a non-well-founded, but
Y, +1-well-founded (v, 8')-construction for some 3 < v. By the minimality
of 3 we have 3 < (3 and hence the previous proposition implies that the

direct limit of 71 (Z7) is in §,,41.

Since the sequence (d,,) is strictly decreasing the construction stops after

n<w

finitely many steps with the desired Y. =

Proposition 6 There exists a Y <X L, with X CY and X =Y. Further-
more, if Z €Y is a Y-well-founded (v, 3)-construction for some < v then
Z is well-founded.

Proof We construct a tower (Y,,) of L,-substructures. The union Y,

a<wi

will be the desired Y.

To commence let Y be the smallest elementary substructure of L,, contain-

ing X as a subset. For lima let Y, = (J Y. For a given Y,, obtain Y,
<«

by applying the previous proposition. Thus if Z € Y,, is a non-well-founded

(v, B)-construction for some [ < v then Z is not Y,1-well-founded.

To see that Y, is as required first note that, since X is uncountable,
X = ﬁ It remains to show that if Z € Y, is a non-well-founded (v, 8)-
construction for some 3 < v then Z is not Y, -well-founded. So assume 7 is
such a non-well-founded (v, 8)-construction. Using a witness we can choose
a countable subsystem Z’ of Z s.t. Z’' remains a non-well-founded (v, 8')-
construction for some 3’ < v. Now there is an o < w1 with Z/ €@ Y,, and
hence Z' is not Y,y1-well-founded. Since Y,4+1 C Y, neither Z’ nor Z is

Y., -well-founded. o

Proof (Lemma 1) Let Y be as defined in the preceding proposition and

m: Lz 2 Y. Then 7 is as required. By construction, X C range . m moves
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an ordinal since X C rangem is cofinal in v, but X =Y <. It remains to

show that if » > v and 7 (Z,)) exists then 7 (Z,) is well-founded.

Remember that if 7 (Z),) exists then there is a limit ordinal ' > ns.t. 7 (Z,)
exists. Additionally w (Zn’) is a (v,v)-construction; to see this use lim7/,
<,6b {b € Bn’> cofinal in ©, and rangem cofinal in v. Furthermore, 7 (Zn’) is
Y-well-founded, since Z,, is well-founded. Hence 7 (Zn’) is well-founded by
the preceding proposition. Finally, the same is true for any = (Z,,u) where

n" <n' and hence for 7 (Z,). .

This completes the proof of the Covering Lemma.

Strong Covering Lemma

Theorem 7 (Strong Covering Lemma) Assume 0¢ does not exist and
let M €V be a model with universe o C On and countable length. Then for

any uncountable X C « there exists Y € L s.t. MY <M, X CY C a and

X-V.

Before we prove the theorem, some well-known definitions.

Definition 18 Let o € On, & a cardinal, and X C [a]".
i) X is called unbounded! iff Vy € [a]"Jz € X y C .

ii) X is called closed! iff for each {z |y < Kk AVB <y x5 C 2y} C X we

have |J z € X.
Y<K

iii) X is called closed-unbounded® (club) iff X is closed and unbounded.

iv) X is called stationary! iff for all club subsets Y of [a]", X and YV are

not, disjoined.

Yactually in [a]™ which will be omitted if this is clear from the context
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Proof Assume a situation as in the theorem and let x = ? First we show

that the following is club:

A={Y|XCYAY€Ea" AMY <M}

A is unbounded by downward Lowenheim-Skolem theorem: Assume y € [a]”,

then there is a Y D X Uy with M[YjMand?:XUy:n (note that

the length of M is countable and hence less than N; < k).

To see that A is closed, note that each {Y, |y <k AVB<yYgCY,} CA

is an elementary chain and hence the union is as required.

Next we show that Bj) = {Y €L ‘Y € M’\} is stationary in [v]* for all

ordinals v > X\ and uncountable cardinals ).

Assume not. Let v be least s.t. for some uncountable cardinal A there is a
club C € [v]* with B} N C = 0. Fix X and C. Similarly to the proof of the

Covering Lemma we get:
) Ng< A<D

ii) L | “vis a cardinal”
Assume not and let y = T and f:p < v where f € L. Since C :=
{f7tId|ceC} isclub in [1]* with o < v there is a ¢ € C'N L. Hence
co = féo] €CNL.

Starting with an elementary w: Lz — L, we construct 7* as above. Again,

we need a

Lemma 2 There exist v € On and 7: Ly — L, elementary, s.t.
i) rangem Nv € C
it) wlv is non-trivial.

iii) If 1 > v and 7 (Z,) exists then 7 (Zy) is well-founded.
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With 7 as in the lemma, we assume that 7 (Z,) does not exist for some
n > v. We infer range 7* € L and, therefore, range 7*Nve C'N L contradicting
our assumption. Hence 7 (Z,)) exists for all n > ©. Again, we can construct

71 Ly — Ly for a cardinal 7 and 0% exists.

Finally, BY is stationary and Y € AN BY the sought after set. -

To prove lemma 2 we need to strengthen some results from the proof of the

Covering Lemma.

Proposition 7 For Y < L, and U C v with U =Y there exists a Y’
withY UU CY' < L, Y =Y 4+ Rg, and, if Z €Y is a non-well-founded

(v, B)-construction for some 3 < v, then Z is not Y'-well-founded.

Proof In the proof of proposition 5 let Yy be the smallest elementary

substructure of L,, with Y UU C Yj. =

Proposition 8 There exists a Y =< L, with Y Nv e C and ? = \. Fur-
thermore, if Z €Y is a Y -well-founded (v, 3)-construction for some [ < v

then Z is well-founded.

Proof We construct a tower (Y,)

will be the desired Y.

a<w, Of Ly-substructures. The union Y,

To commence choose any element of C, ¢ say, and let Yy be the smallest
elementary substructure of L,, containing ¢ as a subset. For lim« let Y, =
U Y,. For a given Y, obtain Y, by applying the previous proposition to
gfzaand co € C with Y, Nv C ¢y. Thus if Z € Y, is a non-well-founded

(v, B)-construction for some § < v then Z is not Y, i-well-founded.

To see that Y,,, is as required first note that, since A is uncountable, Y:w1 =\
The proof, that if Z € Y, is a non-well-founded (v, 3)-construction for some
B < v then Z is not Y, -well-founded, is the same as in proposition 6. Finally,

YNvu= | cq € C since C is closed. -

a<wi
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Proof (Lemma 2) Let Y be as given by the preceding proposition and
m: Ly 2 Y. Then 7 is as required. By construction, ranger Nv € C. w[v
moves an ordinal since range ™ Nwv € C'\ L by assumption. The proof, that if
n > v and 7 (Z,) exists then 7 (7)) is well-founded, is as in lemma 1 except
for w (Zn’) being a (v, #)-construction for some § < v (we lose the cofinality

of range 7 in v). -

This completes the proof of the Strong Covering Lemma.
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